In this paper we consider the problem of finding the smallest number q such that any graph G of order n admits a decomposition into edge disjoint copies of a fixed graph H and single edges with at most q elements. We solve the case when H is the 5-cycle, the 5-cycle with a chord and any connected non-bipartite non-complete graph of order 4.
Introduction
Let G be a simple graph with vertex set V and edge set E. The number of vertices of a graph is its order. The degree of a vertex v is the number of edges that contain v and will be denoted by deg The complete bipartite graph with parts of size m and n will be denoted by K m,n and the cycle on n vertices will be denoted by C n . The chromatic number of G is denoted by χ(G).
Let À be a family of graphs. An À -decomposition of G is a set of subgraphs G 1 , . . . , G t such that any edge of G is an edge of exactly one of G 1 , . . . , G t and all G 1 , . . . , G t ∈ À . Let φ(G, À ) denote the minimum size of an À -decomposition of G. The main problem related to À -decompositions is the one of finding the smallest number φ(n, À ) such that every graph G of order n admits an À -decomposition with at most φ(n, À ) elements. Here we address this problem for the special case where À consists of a fixed graph H and the single edge graph.
Let H be a graph with m edges and let ex(n, H) denote the maximum number of edges that a graph of order n can have without containing a copy of H. Then
Moreover, for the complete graph on n vertices,
. A theorem of Kövari, Sós and Turán [6] asserts that for the complete bipartite graph
. Therefore the decomposition problem into any fixed bipartite graph and singles edges is asymptotically solved and we have the following theorem. 
Suppose now, that H is a graph with chromatic number r, where r ≥ 3.
The unique complete r-partite graph on n vertices whose partition sets differ in size by at most 1 is called the Turán graph; we denoted it by T r (n) and its number of edges
, since T r−1 (n) does not contain any copy of H. In fact we believe that this result is asymptotically correct. We conjecture the following.
Conjecture 1. Let H be a graph with
Erdös, Goodman and Pósa [4] showed that the edges of any graph on n vertices can be decomposed into at most n 2 /4 triangles and single edges. Later Bollobás [1] generalized this result by showing that a graph of order n can be decomposed into at most t r−1 (n) edge disjoint cliques of order r (r ≥ 3) and edges.
In this paper we will prove similar results to the ones obtained by Erdös, Goodman and Pósa and by Bollobás for some special cases of graphs H of order 4 and 5 with chromatic number 3, namely C 5 , C 5 with a chord and the two connected non-bipartite non-complete graphs on 4 vertices. The ideas involved in the proofs were inspired by the ideas developed by Erdös, Goodman and Pósa [4] and Bollobás [1] .
Decompositions
Let À consist of a fixed graph H and the single edge graph. In this section we will study À -decompositions for some fixed H. In all cases considered here the exact value of the function φ(n, À ) will also be obtained.
The first case that we consider is H = C 5 . In this case we can prove that any graph of order n, where n ≥ 6, can be decomposed into at most shows that this result is, in fact, best possible. In the special case where our graph has order n = 5 we can find a graph with no copy of C 5 having 7 edges. In a similar way will also show that the above claim still holds if instead of C 5 we take H to be C 5 with a chord. This section will be concluded with similar results for the case where H is any connected non-bipartite non-complete graph on 4 vertices. Proof. This is by induction on the number of vertices in a graph. By inspection, and using Harary's [5] atlas of all graphs of order at most 6, we can see that the result holds for n = 6. Assume that it is true for all graphs of order less than n and note that for any positive integer n n
Let G be a graph of order n, where n ≥ 7, and let v be a vertex of minimum degree. To complete the proof, it remains to show that we can always find m edge disjoint C 5 's containing vertex v.
Assume first that G is not the complete graph and let x ∈ N(v) and y ∈ N (v). We have
Using (2.1) it is easy to see that Figure 1 shows that we can always find k edge disjoint C 5 's containing v. and b is adjacent to x 1 and x 3 or a is adjacent to x 2 and x 3 and b is adjacent to x 1 and x 3 . Without loss of generality assume the first case holds in both situations (the second follows from symmetry). Then Figure 2 shows that we can always find three edge disjoint C 5 's containing vertex v.
We repeat this procedure for every triple
If k ≡ 0 (mod 3) then we are done, since we can find k edge disjoint C 5 's containing v.
If k ≡ 1 (mod 3) then we can find k − 1 C 5 's as before that with v, z k , x k , y, z m+1 , v form the required number of C 5 's needed. Now suppose that G = K n and let vertices v and y be fixed. An argument similar to the one described in case (c) gives the required number of edge disjoint C 5 's incident with v. Alternatively, using [7] we can find the exact number of edge disjoint C 5 's in K n and then see that the theorem holds.
Suppose that instead of a 5-cycle we consider decompositions of graphs into copies of H and single edges, where H is a 5-cycle with a chord. Using the same argument we can prove the following result. Proof. We proceed as in the proof of Theorem 2.2 and will only describe the steps that are different.
If
. . , m, induce m edge disjoint copies of H containing v, and we are done.
Assume
where i ≡ 1 (mod 3) and i+2 ≤ k, Figure 3 shows that we can always find two edge disjoint copies of H. So in total we have 2 To prove the theorem we will need the following result . is an extremal graph for these decompositions. However, we do not know if it is the only one.
